
Gauss Divergence Theorem

Sund) = Su + - ndV
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Reynold's Transport Theorem (Webpage
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C.P. corresponds to "Covariant Physics".
Define

F (t) =
∫

V (t)
f(x, t) dV,

where V (t) always consists of the same fluid particles. We assume the flow map X is smooth
and invertible, f is smooth. Spatial coordinates & metric are time-independent.
Spatial coordinates xi & material coordinates XA

i, j, k A, B, C

Spatial metric gij & material metric Gij

Denote d3x = dx1dx2dx3.
By Eq (2.137) in C.P.

dV =
√

|g| d3x = J d3x

Let V0 denote a fixed ref. configuration of the fluid. Each fluid particle is assigned a fixed
material label XA.
Therefore,

dXA

dt
= 0

Current spatial coordinates

xi = X i(XA, t)

Exercise 1. Show that for a given particle

ui = dxi

dt
= ∂X i

∂t

∣∣∣∣
X

Let

Λi
A = ∂xi

∂XA
= ∂X i

∂XA

ΛA
i = ∂XA

∂xi
= ∂XA

∂X i
.
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We know that

ΛA
iΛi

B = δA
B

Λi
AΛA

j = δi
j .

By Eq (2.127) in C.P., J = |Λ|

dV = d3x = J d3X

Therefore,

F (t) =
∫

V0

f(X (X, t), t)J (X, t) d3X

dF (t)
dt

=
∫

V0

∂

∂t
[f(X (X, t), t)J (X, t)] d3X

=
∫

V0

[
J ∂f(X (X, t), t)

∂t

∣∣∣∣
X

+ f
∂J
∂t

]
d3X

(17)

First term

∂f(X (X, t), t)
∂t

∣∣∣∣
X

= ∂f

∂t
+ ∂f

∂xi

∂xi

∂t

∣∣∣∣
X

= ∂tf + ui∂if

= Df

Dt

Second term J = det[Λi
A]

∂Λi
A

∂t
= ∂

∂t

∂xi

∂XA
= ∂

∂XA

∂xi

∂t
= ∂

∂XA
ui(X (X, t), t)

= ∂ui

∂xj

∂xj

∂XA
= ∂juiΛj

A

By Eq (8.108) in C.P.

d|M | = |M | Tr(M−1dM)
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we have

∂J
∂t

= J Tr
(

Λ−1 ∂Λ
∂t

)
= J ΛA

i
∂Λi

A

∂t

= J ΛA
i(∂jui)Λj

A

= J ∂juiδj
i = J ∂iu

i

i.e.

1
J

∂J
∂t

= ∇ · u

dF (t)
dt

=
∫

V0

∂

∂t
[f(X (X, t), t)J (X, t)] d3X

=
∫

V0

[
J ∂f(X (X, t), t)

∂t

∣∣∣∣
X

+ f
∂J
∂t

]
d3X

=
∫

V0

[
J (∂tf + ui∂if) + fJ ∂iu

i
]

d3X

=
∫

V0

(
∂tf + ui∂if + f∂iu

i
)

dV

=
∫

V0

(
Df

Dt
+ f∂iu

i

)
dV

=
∫

V0

∂tf + ∂i(fui)︸ ︷︷ ︸
∇·(fu)

 dV

Reynolds transport theorem proof · 3



Conservation of Momentum

SdV = S(u) + Gilpin
3

= Su)+(uni = u - n EIR

wi =[
u'l ·u

u wer ] er3x
= uQK

body force Sb dV be?

shear force pIn + I .
i

↓
linear transformation

6 = - p] + z Sij = 6ji

For Newtonian Fluid
6 =

-p1 + 2uDX deformationa



SS -m =Si
= Saj(o))
Ult

= 9 + . od)
V(t)

T . 6 = T . ( -pi + t) = - xp + T - T

G (pu) + T . (puou) = - xp + T - T + p

Energy Conservation

E-every per unit mass

&SPE dV =SUPE+.(PE)



body force rateI
,

Pbou

shear force rate

Ss10 - u) - udS

= Sets Enju =
d)

= Sus; (vi) d)

-St # . (o -u)d)

* · (0 . u) = - x . (pu) + T (T - u)

body heat source

Suces Pr of



heat flu
-Sg-dS = -S

2+(z) + T = ()PE + p(u)
= X - (T - u) - T . q
+ pb.x + pr
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